In radiation therapy, the main challenge is to deliver the dose to the tumor while sparing healthy tissues around the tumor. One important decision to make is the beam configuration. The corresponding mathematical problem, known as beam angle optimization (BAO), is a large-scale problem. We propose three novel heuristic approaches to reduce the computation time and find high-quality treatment plans for BAO. The first heuristic is based on the fact that the beams that are geometrically close to each other (i.e., 'adjacent' beams) have similar impacts, and hence are less likely to be used in the optimal configuration simultaneously. Therefore, in this heuristic, referred to as 'neighbor cuts', their use is limited. The second heuristic is to eliminate the beams with small contribution to dose delivery in the ideal plan when all candidate beams can be used. Finally, the number of beams is reduced in the third heuristic while ensuring the quality of the plan remains within a pre-specified range. These heuristics can be applied to any formulation for BAO for various external radiation therapy techniques. We evaluate these heuristics by applying them to a mixed integer programming (MIP) formulation of BAO for a phantom liver case and a clinical liver case.
Introduction
Intensity modulation radiation therapy (IMRT) is one of the most successful external beam radiation therapy delivery techniques due to its capability of delivery of highly complex dose distributions, hence sparing surrounding organs at risk (OARs). Another technique that is characterized by delivering a high amount of dose in a short period of time is stereotactic body radiation therapy (SBRT), which can be performed with or without intensity modulated beams. Mathematical optimization techniques are used in IMRT planning to compute optimal fluence maps from preset beam angles, which are typically determined manually. In fact, to the best of our knowledge none of the current radiation therapy treatment planning software has the capability of finding the (global) optimal beam configuration. The more advanced software only provides a local search around the manually selected beams which cannot be sufficient as there are typically many local optimal solutions. 1 The fluence map optimization problem, which finds the optimal intensity for each beamlet (in case of IMRT) or aperture (in case of SBRT) and is used to evaluate the treatment plan associated with a specific beam orientation, is a large-scale linear program (LP). Therefore the computation time for BAO is impractically long, especially in case of IMRT. As a result researchers have developed various heuristics for BAO. [2] [3] [4] [5] [6] [7] One common heuristic is beam elimination, i.e., identifying and eliminating beams which are less likely to be among the optimal orientation. For example, Wang et al. 3, 8 use a small number of beams (e.g., three) to explore the solution space to determine the most and least preferred directions. Then they eliminate the least preferred beams and search the remaining solution space using a fast gradient search algorithm.
The BAO has sometimes been modeled as a mixed integer program (MIP). [9] [10] [11] Lim et al. 10 propose a beam elimination technique and Lim and Cao 11 use a branch and prune technique to reduce the computation time for this large-scale MIP. Another common heuristic for MIP formulation of BAO is using 'valid inequalities'. [12] [13] [14] [15] [16] [17] In a recent study 18 we used some heuristics for BAO. The purpose of this paper is to elaborate on these heuristics by expanding them and providing additional numerical results including a clinical case. One heuristic is reducing the search space by limiting the use of adjacent beams as they have similar impacts. This heuristic is more effective for convex formulations for BAO such as MIP as it results in relatively fast generation of highquality feasible solutions (which can be used to reduce the search space through dominance). We have incorporated this heuristic by adding a set of heuristic inequalities, which we refer to as neighbor cuts, to the MIP. In the second heuristic, beams with relatively small dose contribution in the ideal plan (i.e., the plan that uses all beams) are eliminated and then the MIP is solved. Finally, the third heuristic provides a systematic way to reduce the number of beams while keeping treatment plan quality at the desired level by limiting the optimality gap with respect to the ideal plan. Our numerical results for a phantom and a clinical liver case show that these heuristics have a very good performance in reducing the computation time while attaining high-quality treatment plans. In addition, the ideal plan can be used as a benchmark for the heuristically generated plans to identify the maximum deviation from the true optimal plan.
Methods and materials

Input data and dose calculation
We used three-dimensional computed tomography images to identify the planning target volume (PTV) and OARs. Table 1 represents the data for the considered instances.
For the phantom liver case 34 beams were considered with the geometry represented in Figure 1 . Each beam includes 113-144 beamlets of size 1 3 1 cm 2 . This results in a large set of candidate beamlets for delivering the dose. The dose per monitor unit intensity to a voxel was calculated using CERR (a Computational Environment for Radiotherapy Research). 19 For the clinical liver case 11 uniformly distributed noncoplanar beams (16. 36 degrees between each two consecutive beams) in couch angles 0, + 15, and 215 degrees were considered (a total of 33 noncoplanar beams).
Generating the pool of apertures for phantom case
In SBRT the dose is delivered using open fields called apertures that consist of a set of beamlets in a beam. We generate the pool of apertures for the phantom case based on a contribution score calculated for each beamlet in each beam. The contribution score is an indication of how much each beamlet can deliver the dose to the tumor while sparing surrounding OARs. Please refer to Yarmand et al. 18 for details.
Generating the pool of apertures for clinical case
We and Küfer et al. 21 for details). At this step all 33 candidate beams can be used with no limitation. Then we generate the pool of candidate apertures by computing the deliverable IMRT plan in RayStation (note that we use IMRT only to generate the pool of candidate apertures and the final plan will be SBRT). The deliverable plan uses 79 apertures (2-3 apertures for each beam).
Finally, we extract the dose data from RayStation. The dose data is represented by the dose matrix whose rows and columns correspond to voxels and apertures, respectively. The aperture doses are computed with a clinically approved collapsed cone dose algorithm.
Mixed integer programming treatment planning model
We have used an MIP formulation for BAO which optimizes the beam orientation and the beam intensities. The notation used is summarized in Table 2 . Inequalities in the following represent the basic dosimetric constraints:
We have used the values reported in Table 1 for lower and upper bounds for voxels in each structure. Another restriction is the number of beams that determines the delivery time. The following constraints limit the total number of beams used in the final plan and ensure that beamlet intensities are zero for unused beams:
The value of M i depends on the maximum possible intensity of beam i. We used M i = 35 for all beams i 2 N through experimentation. The objective function is to minimize the average dose to OARs (it is also possible to consider other linear or piecewise linear convex objective functions). The objective function of the MIP is:
where D l ij is calculated as follows:
The importance weights w l , l 2 L are determined by the planner based on experience or, for example, by navigating through the ideal Pareto surface and choosing the desired point (see Craft et al. 20 for details). For our numerical experiments we have used the values reported in Table 1 found by evaluating the dose distribution of the ideal plan. For the phantom case the weight for the cord is zero due to the 45 Gy limit as a constraint.
The objective function in Equation (3) and the constraints in Equations (1) and (2) form the MIP formulation of BAO. In the third heuristic, which represents a beam reduction scheme, the objective function is replaced with the objective function of minimizing the number of beams. Also, the constraint for limiting the number of beams (i.e., P i2N y i 4 N max ) is removed. Finally, a constraint is added to ensure that the dose received at OARs does not exceed the dose received at OARs in the ideal plan by more than a predetermined e% (see Yarmand et al. 18 for details). (1)- (3) for BAO for SBRT with the difference that for SBRT we interpret B i as the set of apertures associated with beam i, D ijk as the dose per monitor unit intensity contribution to voxel k from aperture j in beam i, and x ij as the intensity of aperture j in beam i. For SBRT we calculate D ijk by summing the dose per monitor unit intensity contribution to voxel k from all beamlets in aperture j (in beam i).
Note that in the optimal plan for SBRT more than one aperture with different intensities might be used in each beam.
Remark 2:
The ideal plan is found by solving the associated LP that only includes continuous variables for intensity of each beamlet (in case of IMRT) or aperture (in case of SBRT), and hence is solved very fast compared with the MIP. This LP is formed by the objective function in Equation (3) and constraints in Equation (1) . Note that it is not practical to use the ideal plan for dose delivery as it will increase the dose delivery time, and hence the inconvenience for the patient, the errors caused by patient movement, and also occupation of the dose delivery machine.
Neighbor cuts
This heuristic exploits the similarity between impacts of adjacent beams that would make it less likely to have such beams in the optimal configuration. Therefore constraints, referred to as neighbor cuts, are added to the MIP limiting use of beams in each set of adjacent beams. Assuming beams are distributed uniformly, adjacency can be defined in terms of the order of beams. Adding these constraints will reduce the search space significantly. Furthermore, in a convex formulation such as our MIP formulation these constraints will result in finding good solutions very fast resulting in further reduction of the search space. Please refer to Yarmand et al. 18 for more details and discussion about this heuristic.
Let S and T denote the maximum difference in the order of two adjacent beams and the maximum allowed number of beams in each set of adjacent beams, respectively. The planner can tweak values of S and T to find the best tradeoff between plan quality (with a smaller value for S or a larger value for T ) and computation time.
Beam elimination
This heuristic is based on the observation that the beams with insignificant contribution in the ideal plan are not often used in the optimal configuration. First, we calculate the dose contribution for each beam defined as the percentage contribution of each beam to the dose delivered to the tumor in the ideal plan. Then we eliminate the beams with lower dose contributions and solve the BAO for the remaining beams.
One approach for beam elimination is to determine a dose contribution threshold, denoted by d, as the elimination criterion. This approach provides a control (in fact a lower bound) on the dose contribution of the remaining beams. We have followed this approach in this research. Another approach is to determine the number of beams we want to remain in the pool of candidate beams. In this approach all candidate beams are ranked according to their dose contribution and then a specific number of beams with the least dose contributions are eliminated. This approach provides a means to control the computation time to some extent because the computation time directly depends on the number of candidate beams. However, this approach might not be appropriate if the dose contributions of different beams are close to each other. In practice, a combination of these two approaches might be used based on the planner expertise and the realized dose contributions in the ideal plan. In particular, note that these two approaches result in the same set of remaining beams with appropriate parameters.
For smaller numbers of eliminated beams, the size of the associated MIP would be larger, and the computation time would be longer. However, in general, the resultant heuristic plan would have a higher quality as the optimal beams have been chosen from a larger pool of candidate beams.
Beam reduction
As mentioned previously, it is not practical to use many beams for dose delivery. Therefore, in general it is desired to use as fewer beams as possible. Off course the drawback is a plan with lower quality. In previous research 18 we developed a beam reduction heuristic to generate qualityguaranteed treatment plans. This heuristic finds the treatment plan with the minimum possible number of beams in which the optimality gap (measured with respect to the ideal plan) cannot exceed a predetermined value denoted by e. Here we provide the results of applying this heuristic to a clinical liver case.
Computation
We used CPLEX (version 12.5) on a PC with 2 Intel Xeon X5650 (2.66 GHz) CPU and 48 GB of RAM.
Results and discussion
Results for neighbor cuts and beam elimination heuristics
We investigated the neighbor cuts and beam elimination heuristics on the phantom liver case as presented in Tables 3 and 4 for IMRT and SBRT, respectively. The first row in Tables 3 and 4 represent the ideal plan. The bold rows represent the optimal treatment plans for N max = 5, 7, 9. While 33 beams were used in the IMRT ideal plan, only 13 beams were used in the SBRT ideal plan. Therefore, for SBRT we eliminated the unused beams for beam elimination. However, for IMRT, we considered two different values for the dose contribution threshold, d = 2% and d = 5%, which resulted in elimination of 20 beams (beams 8, 9,., 26, 28, 29) and 26 beams (beams 5, 6,., 30, 33), respectively. Figure 2 represents the dose-volume histogram (DVH) for the optimal plan for N max = 7 and the generated plan with S = 3 and T = 1. Note that the dose to cord still is significantly below its limit at 45 Gy.
As Tables 3 and 4 show, the neighbor cuts have a good performance in reducing the computation time, especially for larger values of S and smaller values of T . They reduce the computation time considerably while keeping the optimality gap small. In some cases, especially in case of SBRT, adding the neighbor cuts results in finding the optimal beam orientations (i.e., a zero optimality gap). Note that the optimality gap resulted from adding the neighbor cuts is in general smaller for smaller values of N max due to sparser distribution of beams. The reduction in computation time is more substantial for IMRT although it is accompanied with a larger optimality gap compared with SBRT.
The beam elimination heuristic also has a very good performance in reducing the computation time, especially for IMRT. In particular, in all SBRT cases and also IMRT cases with d = 2% the beam elimination results in a zero optimality gap (i.e., it successfully finds the optimal plan).
We observe that in some cases the number of beams in the optimal orientation is smaller than N max . As expected, this is more common for SBRT as arbitrary modulation, which makes all beams attractive, is not possible with only a few predefined apertures available. Another observation, which can be similarly justified, is that reducing the number of beams does not have a substantial impact on the plan quality for SBRT compared with IMRT (compare the objective values of the bold rows).
Results for beam reduction heuristic
We investigated the beam reduction heuristic on the clinical liver case as presented in Table 5 . The generated plan for e = 5% is benchmarked against the ideal plan as well as the delivered IMRT plan. As Table 5 shows, fewer beams are used in the epsilon-optimal plan compared with the ideal plan although it is not the case compared with the delivered plan. Interestingly the beam orientation of the delivered plan, which was identified manually, is not similar to the generated plan. This demonstrates that good beam directions may not be obvious, hence importance of automated beam selection. To have a better visualization of the generated plan, the beam locations are shown in Figure 3 . Note that at the zero gantry angle beams with different couch angles overlap as the beam axis is perpendicular to the couch plane.
To illustrate the quality of the generated epsilonoptimal plan, we have compared the dose distribution and dose-volume histogram (DVH) for the generated plan with the ideal and delivered plan in Figures 4 and 5 , respectively.
As Figures 4 and 5 show, the dose distribution and DVH of the generated epsilon-optimal plan are very close to the ideal plan. Therefore, our proposed beam reduction heuristic performs very well as it reduces the number of beams without degrading the quality of the treatment plan with respect to dose to the target and OARs. Compared with the delivered plan the generated plan results in improvement in the target coverage and homogeneity as well as OARs sparing for most structures.
Conclusion
We proposed three heuristics for reducing the computation time and finding high-quality treatment plans for BAO that can be applied to various external beam radiation therapy techniques. Our numerical results for IMRT and SBRT of a phantom liver case and a clinical liver case showed that the neighbor cuts, beam elimination, and beam reductions heuristics were capable of reducing the computation time considerably while generating high-quality plans, hence accelerating the treatment planning process. The reason for the significant reduction in computation time is twofold. First, the size of the search space is significantly reduced as a result of these heuristics. Second, these heuristics result in finding good solutions very fast in the computation step. Therefore, in a convex formulation such as our MIP formulation many so-called 'nodes' (i.e., incomplete beam configurations to be investigated) are fathomed in early stages of the computation process reducing the size of the search space further. Because the performance of these heuristics roots in the mathematics of the BAO problem, we expect the same significant improvement in the computation time for any external beam radiation therapy treatment planning case in which a small number of beams should be selected from a large set of candidate beams. The neighbor cuts and beam elimination heuristics can be applied alone or combined with other heuristics and techniques to find high-quality treatment plans in a reasonable amount of time. The beam reduction heuristic is also capable of reducing the number of beams while keeping the plan quality at the desired level. This is important since fewer beams are in general preferred due to patient convenience, equipment utilization, and delivery accuracy.
As a final note, using the approach presented we are able to compare heuristically produced plans with the bestcase plan (i.e., the ideal plan), which affords our approach a notable advantage over most other BAO approaches in the literature, which leave the users no sense of how close the produced solutions are to optimal. 
